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Digital Communication Systems
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3 An Introduction to 
Digital Communication Systems

Over Discrete Memoryless Channel
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3.5 Introduction to Channel Coding 
in Communications Over BSC
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Vector Notation
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 : column vector

 : row vector
 Subscripts represent element indices inside individual 

vectors.
 and refer to the ith elements inside the vectors and , 

respectively.

 When we have a list of vectors, we use superscripts in 
parentheses as indices of vectors. 

  is a list of M column vectors
 is a list of M row vectors

 and refer to the ith vectors in the corresponding lists.

𝑣
𝑣
⋮

𝑣
⋮

𝑣
𝑟 , 𝑟 , … , 𝑟 , … 𝑟

𝟎, 𝟎: the zero vector
(the all-zero vector)

𝟏, 𝟏: the one vector
(the all-one vector)
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Hypercube
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Hypercube
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n-bit space
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Repetition Code
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[From ECS315]
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𝑛 5
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Channel Encoder and Decoder
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Review: Channel Encoder and Decoder
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[3.56]    MLˆ argmax argmaxP Q     x x
x y Y y X x y x



Channel Decoder
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BSC 

ML decoder is the same as 
the MAP decoder when the 
codewords are equally likely.

For BSC with 𝑝 0.5, ML 
decoder is the same as the 
min distance decoder 

[3.57]

[Ex 3.54]

[Ex 3.56]
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Repetition Code
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 Original Equivalent Channel:

 BSC with crossover probability 

 New (and Better) Equivalent Channel:

 Use repetition code with at the transmitter
 Use majority vote at the receiver
 New BSC with 𝑝                                                             105
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Example: Repetition Code

119

𝒏 𝑷  Code Rate

1 𝑝 0.2 1
1 1

3 3
2 𝑝 1 𝑝 3

3 𝑝 0.1040 1
3 0.33

5 5
3 𝑝 1 𝑝 5

4 𝑝 1 𝑝 5
5 𝑝 0.0579 1

5 0.2

7 0.0333 1
7 0.1429

9 0.0196 1
9 0.1111

11 0.0117 1
11 0.0909

Repetition 
Code

Majority 
Voting

0

1

0

1

p

1-p

p

1-p

[ECS315]

BSC with 

Probability that more than 
half of the bits are in error



Achievable Performance
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P(
E)

BSC with Repetition Code ( )

𝑛 3
𝑛 5

𝑛 7



MATLAB:  calc. min dist. dec.
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 MATLAB scripts are provided. 

 Find  of any binary block code.

 Assumptions: 
 BSC
 with 𝑝 0.5.

 Codewords are equally likely. 

 The (optimal) decoder used is the minimum distance 
decoder.

MAP decoder 
is optimal

ML decoder is 
optimal

Codewords 
are equally 
likely

Min distance 
decoder is optimal

BSC with 
𝑝 0.5



MATLAB
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Text file (easier to 
copy on some 
browsers)



MATLAB
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close all; clear all;

% EES315 2020 Example 6.58
% EES452 2020 Examples 3.62, 3.67
C = [0 0 0 0 0; 1 1 1 1 1]; % repetition code

p = (1/100);
PE_minDist(C,p)

>> PE_minDist_demo1

ans =
9.8506e-06

Code C is defined by putting all its (valid) 
codewords as its rows. For repetition 
code, there are two codewords: 00..0 and 
11..1. 

Crossover probability of the binary 
symmetric channel.



MATLAB
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function PE = PE_minDist(C,p)
% Function PE_minDist computes the error probability P(E) when code C
% is used for transmission over BSC with crossover probability p.
% Code C is defined by putting all its (valid) codewords as its rows.
M = size(C,1); % the number of (valid) codewords
k = log2(M);
n = size(C,2); 

% Generate all possible n-bit received vectors
Y = dec2bin(0:2^n-1)-'0';

% Normally, we need to construct an extended Q matrix. However, because
% each conditional probability in there is a decreasing function of the
% (Hamming) distance, we can work with the distances instead of the
% conditional probability. In particular, instead of selecting the max in
% each column of the Q matrix, we consider min distance in each column.
dminy = zeros(1,2^n); % preallocation
for j = 1:(2^n)

% for each received vector y,
y = Y(j,:);
% find the minimum distance 
% (the distance from y to the closest codeword)
d = sum(mod(bsxfun(@plus,y,C),2),2);
dminy(j) = min(d);

end

% From the distances, calculate the conditional probabilities.
% Note that we compute only the values that are to be selected (instead of
% calculating the whole Q first).
n1 = dminy; n0 = n-dminy;
Qmax = (p.^n1).*((1-p).^n0);
% Scale the conditional probabilities by the input probabilities and add 
% the values. Note that we assume equally likely input.
PC = sum((1/M)*Qmax);
PE = 1-PC;
end

PE_minDist.m



MATLAB
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close all; clear all;

% ECS315 Example 6.58
% ECS452 Example 3.65
C = [0 0 0 0 0; 1 1 1 1 1];

syms p; 
PE = PE_minDist(C,p)
pp = linspace(0,0.5,100);
PE = subs(PE,p,pp);
plot(pp,PE,'LineWidth',1.5)
xlabel('p')
ylabel('P(E)')
grid on

>> PE_minDist_demo2

PE =
(p - 1)^5 + 10*p^2*(p - 1)^3 - 5*p*(p - 1)^4 + 1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
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p

P
(E
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Example 3.65
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000 001 010 011 100 101 110 111
011 2 1 1 0 3 2 2 1
100 1 2 2 3 0 1 1 2

000 001 010 011 100 101 110 111
011 0.032 0.128 0.128 0.512 0.008 0.032 0.032 0.128
100 0.128 0.032 0.032 0.008 0.512 0.128 0.128 0.032

000 001 010 011 100 101 110 111
011 0.016 0.064 0.064 0.256 0.004 0.016 0.016 0.064
100 0.064 0.016 0.016 0.004 0.256 0.064 0.064 0.016

𝐱\𝒚

𝐱\𝒚 𝐱\𝒚

𝑃  0.8960
𝑃  0.1040

Q P0.5

0.5

𝑑 𝐱, 𝒚

𝑄 𝒚 𝒙 𝑝 𝐱,𝒚 1 𝑝 𝐱,𝒚

[Ex 3.66]

[Ex 3.66] [Ex 3.66]

close all; clear all;

C = [0 1 1; 1 0 0]; 

p = 0.2;
PE_minDist(C,p)

>> PE_minDist_demo3

ans =
0.1040



Example 3.66d
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close all; clear all;

% ECS452 Example 3.66d
C = [0 0 0 0 0; 0 1 0 0 0; 1 0 0 0 1; 1 1 1 1 1]; 

p = (0.1);
PE_minDist(C,p) 𝑃  0.1252

>> PE_minDist_demo5_1

ans =

0.1252

close all; clear all;

% ECS452 Example 3.66d
C = [0 0 0 0 0; 0 1 0 0 0; 1 0 0 0 1; 1 1 1 1 1]; 

syms p;
PE = expand(PE_minDist(C,p))

>> PE_minDist_demo5_2

PE =

2*p^4 - 5*p^3 + 3*p^2 + p

𝑃  2𝑝 5𝑝 3𝑝 𝑝

Is there a better code for 𝑘 2, 𝑛 5?



Searching for the best encoder
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 Now that we have MATLAB function PE_minDist, 
for specific values of n, k,
we can try to search for the encoder that minimizes the error 
probability.

 Recall that, from Example 3.63, there are 
2
𝑀

2
2 35,960 “reasonable” encoders.

 Even for small n and k, this is a large space to look at every 
possible cases.

00   ? ? ? ? ?
01   ? ? ? ? ?
10   ? ? ? ? ?
11   ? ? ? ? ?

𝐬 𝐱

2 rows

𝑛 columns

Each “?” can be 0 or 1.


